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back: it is not the most efficient

way to travel, but it seems certain
lo get you therc-in the end. A curi-
ous unsolved problem in the theory of
numbers puts that conclusion in doub1.
The problem can be stated as follows.
Choose any positive integer (any whole

Téree steps forward and two steps

S ]  On the ups anddovms w:

of hailstone numbers

1
1

by Brian Hayes . I _
oseries for a given N but finding a general
! solution. one that applles 1o all possible

number greater than zero) and call vt A
If the number is odd, triple it and add |,
or in other words replace Nby 3N « 1 IS
the number is cven, divide it by 2, re-
placing N by ~/2. In cither case the re
sult is the new value of Nand the proce-
dure is repecated. After many alerations
do the numbers tend to grow larger or
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smallér? Do they coelwcrga on £pine pags

ticular value or divergé-toward infinity} 5
How long does it take to settle thg “fated
of a number? ] 2

For any given valug of N, answerln )
these questions cull for nothing miore
than simple arithme: l&‘i For examplg, i
Nis 27, an odd number, the next value is,
(3 X27)+ 1, 0r 82 |t ie. followed by 41 \‘
and then by 124. Evidéntly there will be !
many ups and dowﬁs in this series of i
numbers; the value gogs up whenever N
is odd and down whdnever il is even.
The reader 1s invited laestend the serics
to see where it leads,

The ditlicult task 1§ not evaluating the

\

values of N As yet go general solution
hus been deviscd A greal many num-
bers have been tested cxpliuliy, nmil
they all follow the hame pattern, bul
no one has been ablé {o prove that ev
cry number conformg 1o the pattern I
15 hardly the most ihportant unsolved
problem in number lt:cur\_ but 11 12 one
of the most irksome, The procedure 1=
casy todeseribe and tpcarry out, but it s
remarkably dithcult 1o nnderatand what
i goIng on

The problem iflustiates
utihty and the hmiations
tal computer as = athematical instru
ment To explore bheyond the smallest
integers some mechamdal id to compu-
taution 1y nceded, but almost any com
puter will do, even a progrdmmable cal-
culator On the othetr hand, extending
the calculation to a pigmficantly larger
range of numbers s practical only with
the most powerful computing machin.
cery. When it comes to the very deepest
questions, it 15 not certain any computer
can be of help. bor|the most part the
computer is a tool jof “experimental”
mathematics. it gena'ratz:s examples and |
counterexamples. Discovering @ prin.
ciple in the pcrcgrll}dlmm of N szems
to call for theorem proving rather than
number crunching

well both the
of the dig

hen the transfprmation rule is ap-
plied repeatedly 1o an arbitrary,
number, what outcome can be expect-.
ed? Here are three paive hypothsses: |
The first argument runs thus: There |
are equal numbers of odd and even inte: »
gers, and 5o in any lpng series of ¢alculats
tions odd and ever] valies of ¥ shou]d"
come up equally often.{When N is odd,:
it is increased by afactor of 3 {and alit-
tle more), but when N is even, it is de-

lfl

I

creased by only a r. of 2. Hence the
value of N after y iterations mould
increase without limit. On the! averag¢
the value should idcrease by (3% + N2
per iteration. For large valm of Nthal
'is essentially 3/2°N, it

The second hypothesis Ereliﬂ on the
notion tha.t what!|goes: up must

line-of reasoning be| ins wilh-
rvation that whenever the calb | :

the. o
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g tul'allion! happens to yield an exact pow-

er-of 2, the series of pumpers immedi-
ateiy cascades back down [to a value of
1. (When any power of 2 gxcept 2 itself
is divided by 2, the result js necessarily
an even number, so: that Ehe descend-
ing branch of the calculation is invaria-
bly selected.) There are infinitely many
exact powers of 2 among the infinite
counting numbers, and ;a calculation
that is continued long cnojigh is certain
to alight on one of them. Very large val-
ues of N might well be r¢ached in the

| course of a calculation, but eventually

there must be a crash.

The third argument is similar in form
1o the second, but leads 1o a different
conclusion. Note that whenever the
calculation changes direction, such as
when an odd number is encountered al-
ter a series of even ones, it reenters terri-

| tory it has been in before. Indeed. in

wandering up and down the number line
it can return to a finite domain of num-
bers arbitrarily often. Eventually it can
be expected to stumblg onto a value it
has visited before, and once that hap-

' pens the entire future of the calcula-

tion is fixed. Because the procedure for

| ghoosing a next step is fully determinis-
, any duplicated value of N must

lead into a loop that will thereafter be
repeated endlessly.

The three hypotheses presented herc
should not be taken too seriously. They
cannot all be right. Some pf their prem-
ises arc definitely open to question. In
particular, all three theories rely on a
probabilistic analysis, but the series of
numbers generated by applying the rule
is not a random one. What does mathe-
matical experiment have to say about

- the matter?

he place to begin the calculation is at
A the beginning, with 1. It is an odd

* numiber, and so the instructions call for

multiplying it by 3 and adding 1. The
result, 4, is even and is therefore divided

by 2, yielding another even number; di- °

viding by 2 again brings the calculation
back to 1."Hence with the first computa-
tion two of the speculative theories cited

above are given handsome support. As

the crash hypothesis predicts, the calcu-
lation stumbles on a;power of 2; it does
so after just one iteration. As the gyclical

* theory predicts, the calculation becomes

trapped in an endless|1dop; the values 4,
2 and 1 will be repeated indefinitely.
-Among all the counting numbers 1 is

177 wvery special: it is thelﬁr_st and the small-
i+, est, Theresults obtained when Nis equal

to 1 may ;herefore"be"‘latypica]; before

" reaching any conclusions one ought to
 check further. Since|the fate of 2 and 4
- are.known already from the calculation

for'N= 1, the. obvious candidate is 3.
t-is ‘odd; and so|the next value is

(3 X 3).+ 1, 0r 10. Dividing by 2 yields

and then multiplving(by 3 and addine

has turned up, and the series cascades
through N = 8 into the 4-2-1 loop.
After examining the first four natural
numbers the trend seems clear, and yet
there is still reason for doubt. In the cal-
culations made so [ar two quantities of
interest stand out: the highest value bf
N reached during a calculation and the
path length, which [ shall definc as the
total number of iterations needed to
reach a value of 1. For | itself the maxi-
mum value is | and the path length is
zero. For 2 the peak is 2 and the length
is 1. For 3 the maximum is 16 and the
length is 7. The example of 3 suggests
that the maximum value reached and
the length of the series can be much larg-
er than the initial value of N, and so

.

: P L IR I
perhaps the function will turnjout o be |

unbounded for some values'of N.|
Cdnside
when the {nitial value is 27. *As noted
above, the first three numbers are 82, 41
and .124, but two successive divisions
bring the series back down to 31. Henc¢
al'ter‘& five steps almost no progress has
been made. As the calculation: contin-
ues, however, the three-steps-forward,
lwo-fteps*-back mechanism gives rise to
a series of oscillations of ever larger am-
plitude. New peaks are reathed at 142,
214,322 and 484, There are further set-
back} (at step 19 the value has dropped
to 91), but the trend continues to be up-
ward. The calculation passes throug
700, through 1,186.and through LIS?
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As'it turns out,

howé ends at 1 after a total
of 111 sleps, never haying risen higher
»mplpte;path isshown .

A in the illpstration{on page 10.)

-

_-"/Calculations of the kind I have just
traced have been|made for all the inte-

.gers in an extremely wide range, Nabug

tested all values|up to 249or 1.2 X 1012

result has-been-the”

Yoneda l'lhe.U}iversity-qf,Tokyo_has

In every| case
aa.tge: after a fipife

t 'scrief subsi ;Eimo the 4-2-1 loop,
where it 'must stay forever. Among the
h% 50 integers 27 has the longest path

fir

]
Ny
1 -

number of steps

B

e e a, bR
iteration has reached
lue of 9,232. It seems

G i
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to 1 (althgugh 41 and 31 are not
er and reach the same peak
ie, for reasons that shold be'appar-
rom c.inl'f rmation given abovye).
ositive integer has been found| to
rate a ;scri‘c that goes off toward
ty, and nb Joops othey than the 4-
'oop have lqeen found. Neverthelg ss,
onjecture fhat all positive numbers

orm to the|same pattern rema[i'ns

The 3N + 1 problem, as it is generally
‘called, has @ murky history, but it
does not seem to be of great antiqujty.
Over the past 30 years or sj it has turned
up repeatedly in various university de-
partments of mathematics and comput-
er science, ifs comings and jgoings se¢m-

CO|

without a secure theoretical basis.

T maximum | ing to be as capricious as the advanges
| N PATH LENGTH VALUE and recessipns of the numbers thgm-
[ 0 1| selyes, Jeffrey C: Lagarias of Bell Lapo-
L2 1 2| ratories, who has recently looked into

1! 3 - 7 6| the origins gf thé problem and the p#ps-
6 ¢ B 16 3 .
7 6 . s2| pects for solving it, notes that it may
I 19 1‘ - 52| haye been invented several times. In the
Lo 20 52| 1930's Lothar Collatz, who was thep a
g? P 1?? ! 92'33 student at the University bf Hamburg,
o4 b 9232 | investigated a class of problems that
7 ! 115 9.232 {{ includes the 3N + 1 problém, although
97, 118 9,232 the work was not published until many
28 12 32321 years later. In 1952 the British mathe-
24 9,232 e . A
299 127 9232 | matician B. Thwaites mdejcndcntly dis-
;313 130 9,232 | covered the problem, and a few years
327 143 9.232 | Jater it was invented yet again by Rich-
248 oo 25092 | ard Vernon|Andree of the UnivcrsitJ of
a7 178 | 190,996 | Oklahoma at Norman.
1.161 181 190,996 Lagarias cites some 20 research arti-
2223 182 250504 | cles on the 3N + 1 problem and its gen-
:;f‘g ggg . ggg:ggg eralizations, most of them published
3711 237 . 481,624 w:t‘hm the past 10 years, but the prob-
871 26+ 975400 | lem had circulated by word of mouth
:g:g;; Egz 3;?;‘1'32 long before. Collatz’ colldagpc Hcl_::nul
. \7847 | p7a 11,003.416 | Flasse introduced it at Syracuse Uniyer-
23,529 . PB9 11,003,416 | sity in the 1950’s, and St ni.giaw Ulam
6.623 307 -106.358,020 | took it to Los Alamos and elsewhere.
3;:52:} gég ;g:?;g:;?g ; Shizuo Kakutani, who firs} heard of the
%_527 ot 106.358.020 |, Problem in about 1960, reported to La-
031, | 350 21,933,016 | 8arias: “For a month ev;rgbody at Yale
L T worked oh it, with no result. A simi-.
Sequence of longest,paths up to N = 100,000 Iaﬂphenomenon,h‘appeneq when I men-
g £ tiohed it at the University of Chicago.
| ‘ A joke was made that thelprob!em as
. : MAXIMUM part of a conspiracy to slow down math-
B p‘mf ‘%ENGTH ____VAEUE ' ematical research in the U.S.”
;, ‘{? ' ; Another sustained attack on the p b-
3 iz i« 18] 1ém,withanemphasis on domputer-aid-
‘; 18 52 ::lcll urrierical 0ca.l‘c:ulationzr. was madgiin
) |17 160 ejearly 1970’s by a group in the Arti-
27_5 q ; 13-%23" ficial Intelligence Laboratory at M. l'l"
7 "' 393s4 | . The problem is fecorded gs item 133/in
181 ( - """ 41,524 | | the|group’s informal (and unpublished)
1o b , 250604 | | transactions, ¢alled HARMEM,-or“hack-
1 ( Tt | et -me_mbin‘n% i :
o l8/183.820 In its wanderings. the Jproblem has
184 27,114,424 | been known By many names. Calling it
(255 | -,30,143268 | - the|3N + 1 problem does|not scem [dn-
< 13 ; l-i-gfg-ggg -tirely satisfactory, in that it gives unfuie
|  s93279,152 | attention to;anef half of the procedure
.| 1570824736 | and slights the other half. Of the varibus
= - alternatives the|one T find most don-
ues [ A v

"~ called the carry

. TY notation eve

rather
th.roug ’

and Lhrn falling n'der i
computer program for calculat

hailstone numbers can bewritten
a few lines of alhigh
ming language such as
central algorithm can
single statement.|In B

1c. Indeed, th
expressed injd
- it might be

IFN MOD 2+0 THEN N=N/2
ELSEN=3*N+1.

Here the first opération is one that peo-
ple (but not computers) are capable bf
doing without explicit calculation: de-
termining whether N i odd or even. N
MOD 2 is a modulus pperation, whifh
computes the remainder when N is di-
vided by 2. If the remainder is 0, the
THEN part of ll\le statgment is cxccul‘F‘d

and N is sct equal o N/2; otherwise the
ELSE part is cx¢cuted, setting N equal
to AN+ 1. ! '
A program |n BABIC scrves w#ﬁll
cnough for genédrating hailstone nufh-
bers from the fjrst few hundred inte-
gers, but if morg extensive calculations
are undertaken, it becomes intolerably
slow. The Basic $tatement cal)s for a di-
vision (as part %f the :modulus operi-
tion), a compar|son and then cithe ..! a
second division pr a multiplication apd
an addition. Division andrm'ulliplicatifn
are time-consuming operations, particu-
larly in a smallr%)mpulcr system. There
is much to be ghined here by speaking
directly to the cdntral processing unitiin
its own languagk. All the division and
multiplication dperatipns can thereby
be eliminated. 1
The illustratian on the opposite pqlge
gives a schematit account of such a ma-
chine-language program. It is assumed
that the value of Nis initially in a regis-
ter designated AX, which also serves as
an "accumulator” where arithmetic gp-
erations arc done. The value at the
start of the procgdure js the binary rep-
resentation of the decimal number 27.
The first step |s to save a copy of
initial value in|another register, here
labeled BX. The divifion operation|is
avoided by explpiting a property of l‘be
binary nimber $ystem: shifting a biga-
ry number to tHe right one position is

equivalent to dividing it by;2, jus’t!;hs 1
shifting a decinjal number to the right |
divides it by 10. In the colrse of the shijft

the rightmdst djgit (the! unils digit)/is
preserved in a dne-bit storage location

ry flag determi

number was odd or even, since in bida- |
odd

1 dnd’

ST,

1

-l_cvcl;iprosrékﬁ '

flag. {Testing the car-
whether the original |

ber'ends iﬁ;fa s

-
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ey §

venand 18 eyiles when

rogram '.‘l'n!':!_\ ) The cquivalent

employing division and mul-

ST e Yl 75 T
ihion 1nsti "\l onstakes 175 ¢ycles

\

286 cveles Tor od

e Tlmlmimn FCEISICrS arc shown

ight bits wide and cun there-

L or 256, In most microprocessors

ey W,

niti Crs up I
]I"I‘II 15 o ax\u‘ constraint:

loying 1 G- irrihmelic

ot calculate hatlstone numbers

}
wd V= 702, Achieving a higher ca-
juires multiple-precision arith

i which a single number is split
CHIWO OF MOTE Fegisters or memo-
ations. With 32 bits of precision
wrs up to about four billion can be
sented: 64 bits exiend the Iimit to
Fach increase in precision, how-
eaacts a penalty in speed.

igorithm for calculating one val

v 15 only a [ragment of a work-
-am. In addition there must be
ilities for getting input values
the machine and lor displaying re-
A practical set of programs [or
ring the hailstone numbers ought
i good deal more. For example, it
I be possible to print out the entire
of numbers generated by a given
nz value, or to list the path length

damum value associated with all
egers in a given range. Another
could be set up to scarch for
viclding progressively longer
larger peak values. There are
ther possibiiities

tiions on the 3N -+ | formula em-

ditfferent coetlicients and con-
¢ also worth exploring. R, Wil-
per and Richard Schroeppel
were members ol the HAK-

itp, mvestigated the 3N ]

Ev
n onc of loops: the
p begins at V= 17 and has a
I8 steps
ui;::'. Al 15 LO

al do not [all into

Jreatty stream-

lined. If numbers are checked in succes-

sion beginning with 1, onlv odd nunibers
need to be examined. Any even number

isimmediately reduced by half, and-se
the path it generates would already have
beendetected. For similar reasons there
is no need to follow the path of a num-
ber all the wav to 1: once the value of V
fatis Below the initial value the candi-
_date can be dismissed. Still more effec-
tive rules for narrowing the search have
been developed by William H. Henne-

man, a student in the HAKMEM group
who is now at Boston University.

lthough no prool has yet been dis-
covered, a hint of an x..\plandllon
may lic in a heuristic argument more re-
fined than the three naive hypotheses
given above. There it was noted that in
any stage ol the calculation N has an
equal probability of being multiplied
by 3 or divided by 2, leading to the sug-
gestion that the value should tend to in-
crease by a factor of 3/2 per iteration.
Lagarias points out, however, that one-|
fourth of all the integers are divisible]
not only by 2 but also by 4: one-eighth
of them are divisible by 8, one-sixteenth
by 16 and so on. Taking into account
divisions by all possible powers of 2
yields a prediction that N should de-
crease by a factor of 3/4 per iteration.
The empirical evidence supports the |
prediction.

Even if it turns out that all positive
integers fall into the 4-2-1 loop, the
hailstone numbers offer an abundance
of curiosities. Perhaps the most intrigu-
ing propertics of the numbers are con-
spicuous patterns in the distribution of
path lengths and peak values. If a num-
ber as small as 27 can keep the ball in
the air for 111 steps and reach a height
ol 9,232, one might well expect that the
path length and the peak value would
grow rapidly as N increased. Actually
the path length grows very slowly; the
increase in the maximum value is faster,
but it is also quite erratic.

Among the first 100 integers the long-
est path is 118 steps (at N = 97); among
the first 100,000 integers the longest
path is just 350 steps (at N=77,031).
Thus increasing N by a factor of 1,000
increases the path length by a factor of
only 3; the relation appears to be a loga-
rithmic one. The record maximum of
9,232 set at N =27 is not exceeded un-
til N =255, which reaches a peak of

3,120. New maximums are recorded at
quite irregular intervals. The hailstone
sequence for N = 77,671 reaches the ex-
traordinary height of 1,570,824,736.

It is easy to see that the peak value
reached in a hailstone calculation must
invariably be an even number. It can
also be proved that only an odd value of
N can set a new record for maximum
height (with the possible exception of
N =2). In the case of numbers that set
new records for path length there is no

START

ax [ ooo11011 [0] carmy FLAG

BX| 00000000

COPY AX INTO BX

]
00011011 }

SHIFT AX RIGHT ONE BIT
00001101

00011011

JUMP IF CARRY = 0

ooo01101 | [1]
00011011

COPY BX INTO AX

[oooi1011 | [o]
00011011 |

ADD BX TO AX

00110110 [o]
00011011

ADD BX TO AX
o]
00011011

STOP

ADD 1 TO AX
01010010 | [o]
[ 00011011 |

STOP
The hailstone algorithm

theoretical argument | know of that re-
quires them to be either odd or even.
Nevertheless, among the first 100,000
integers path-length records are set al-
most exclusively by odd values of N.
A listing of the path length and maxi-
mum value for a range of numbers has
a frustrating mixture of regularity and
disorder: it is definitely not random, but
the pattern resists interpretation. For
instance, certain maximum values are
much commoner than othersand far too
common to be explained by any statis-
tical process. The outstanding example
is 9,232, the number first reached
N = 27. Of the first 1,000 integers more
than 350 have their maximum at 9,232.
The distribution of path lengths is
equally peculiar. Every possible length
can be produced (by the successive ex-
act powers of 2), but again some num-
bers appear far more often than others.
Morecover, both the path lengths and the
maximum values show a strong tenden-
cy to form clusters. In 1976 Fred Gruen-
berger of California State University in
Northridge published a list of such clus-
ters; the largest was a string of 52 con-
secutive numbers that all have the same
path length. Can two consecutive val-
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cted fo the bol
ngly|it should
hailstone fungti
pply the trang
'4n order to
ber.|If some hum
be reach d in|this way,|by fol-
ipstieam, the umber
its final value

but~ readers .

% emonst ah in -
} to exam:nc ‘the hailslope se-
r ‘N= 386 through N=a 39].

\ne 111 mmatmg way to.look 4t

“'hailgtone problcm is to turn-it up- cannot yield ! la

Thg method might well yield
al solution of the hailstone pr
only it could be|0drn d to co
As it'furns oul

Umbers ulumately fall| into
loop. They must then form
cen.chain through whlci" any
" pumber! . in lhe mﬁmle counting se-

cems. The nor-

e e
ilstone funiction ' -

‘ funcuqmsdex rm

value of Najany pom.i inthe calcalati
can have onfy bne p s;ble succegsor. If
N is 40, for{example; the qut :mEe; oy
can.only be 0. When the path i IS% raced .
in reverse, there are ambiguities ‘When
the value A= 20 i ;:ncmm;are‘?s it is
known it cquld only thaye 'been F
ated from 4}), which must therefore: be
the next valtie. At 40, however, the nexi -
value coul lba either 80 or 1y, the
stream splitg, and both u‘ibulurlqs must
be explored:|There is a blfuru\lt(m al
every numbér of the form 6K + 4;where
K can be zcfo or any po‘mvc mtcgc!

A branching system of this kmd ¢hn
be traced only 1o a finite depth. A -sin;,lc
branch musgbe followed untit mlim pre-
determined |imit is reached and then at-

lention mu$t be diverted to ahother

branch. Whén the limit is set at 100,13
branches are e¢xplored and 49 nymbeérs
are confirmgd to be connected to I:Lc s

tem of numdrical rills and rivalcts. With
the hmit at |,000 thdre arc 84 hrdm.hcs.
but only 30 numbers are c:iunlctl.
A limit of 10,000 yiclds 1,065 branch-
¢s, which pdss through 4,235 numbers.
Note that more than half of the némbers
seem (o lie ip the interstices belwgen the
branches of the stream. As the limit is
increased miore numbers are ingluded,
but cven mqre are missed. If the famifi-
cations of tHe system could be l:)(pk)fs:d
to infinite dgpth, would all positive inte-
gers ultimately find a plage in 1€ Thit
is the big guestion yet 1phe answered.

n Octobet two combinatorial: prab-
lems werg mentioned as being unlike-
ly candidatés for solution by **nonal-
gorithmic” fnethods with an elegtronic
spreadsheet| A number of readers were
quick to shgw thal it can be don'g
Spreadshdet solutions to the Tdwer of
Hanoi prob%crn were sent by Dakid He-
har, John B, Jones, Jr., George Arthur
Miller, J. Sladen, A!un Wyp-jones
and others.| The techniques employed
were similar. An algorithm in/ which
odd- m.mbc?c] disks circulate |clock-
wisc and even-numbercd ones counter-
clockwise Wwas disassembled sojthat a
temporal s¢quence of instructigns be-
came a spalial array of them. j
Behar, Miller and Sladen alsojsolved
the eight-queens problem. Here the main
difficulty is fthe need to backtrack when
a developi lution fails. I hdd sup-
posed somgq record of :previous|unsuc-
cessful attempts wonld have to be kept,
but that is potithe case, D. H. nyemlmf
in a commentary on the spre:adslwet ap-
proach to the problems, pointedjout “a
method that will generate all thelmoves
in turn wi ul anyuneniory other than
what is displayed.. .. The formiilas are
complicate and mvolvc sequer] 1a1 al-
gorithms if ﬂu; are done in their nat--
ural forms
subrouti

enroadshan
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t ah these “lodk rora-"



