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I On the ups and,dow1s • 

'ofh~'jjstone iwmbefs 
I ' 

\? 
by Brian ,Hayes 

TLee steps forward and two steps 
back: it is not the most efficient 
way to travel, but it seems certain 

10 gct you there ' in the end. A curi­
ous unsolved problem in the theory of 
numbers puts that conclusion in doub!. 
The probll;m can be stated as follows. 
Choose any pos~tivc integer (a,?y whole 

number greater than zero) anul.:i.l11 il p.: 
If the number is odd. Irirk it and add I. 
or in other words rcplat.:c Sby JS ~ 1 If 
the number i~ e"cn. divide il b) 2. n;. 
placing ,"'" by 1""1"2 . In either (<lSI.: thl' rl" 
suit is the new value or Sand thl.: prO(I.> 

durc is repcCltcd . After milny lIl'ril[ion~ 

do Ire nllmbers tend [0 grow l<Hgn or 

sm~lIer? Do they col,,'.rl:<: 
ticular value or db' I~rst<, tow.~d l!lrli1JJ)'~ 
How Ions does it 
of u number: 

For an), given 
Ihese quc:i1ions 

than simple .;ii,~:,,:'tt!'1: 
N is 27. an odd 
(3 x 27) + I. or 
and then by 124. Ev¥l,inlll' 
many ups ilnd 
numbers; the \"ill 
i~ odd lind do . 

to ~ee where it lelld~ l 

The ddlkull Ilul-. 1)1"1,01 c~·!dlln[jnlllhr 
~crio for il ~p \"c n ; ..... h 1t"limJin., n ncncr:d 
~oILllion. one llliIl lip 111010 nil pUlo :' lblc 
\ <.LillO of'\" ,\:\ ).1 Ito HCnC"fullhluli.Uu 
l1ilS heen dC\ · I~ed A &tenl mnll) Hum · 
hers hii\T heen IntcJ elt.plit Iii},. nn\' 
Ihe> iii I loll(1\~ Ihe ~ltlll' prdlclrl. 11111 
no om· hOl~ h.cn ,.hlt (0 pro\c lh~l cv 
cr~ numher Lonforn,-:- 10 Ih. pntiC"f1l II 
I'> hitrdl~ lhe rnl)\1 lI}l('lIHlilll t IHI:,CI!\"t't1 
prohlem Jtl 1111111b("l Ibe(H\. 11111 II I~ on. 
of Ihe mo\1 HI. .. CJrnc, lhc plulC"lI"IC I :' 

t'il'ly 10 Jc,>ulhc .lnd 1(1 Ctlrr) 0111. hllllll~ 

remad.abl} Jllhlldl t.CI Iloder:.l .. n.! wl1>11 

'\ gOll13 on 
The prohlt- Ol II IIJ'. II ill C'> we II hoi II til{: 

utilI!> uno Ihe Imllilldon :. IIf Ille thUi 
titll.:Ompllle r il~;· 1~II)em;lrlltd 1I1 :!i 1l II 

menl ., 0 c.\plore hc}·ontl tht ;'!l1 illlcr.1 

Intcgcn ')omc melhilhlC.d ;11t110 lumpLJ · 
tiJllOn I'> nct·tled. hilt almO:iJl ' lIl} LOllI 

piller will do. even iJ prf;>&/·i:\mm,.!>!e toll · 
(uli.ltor On th e olhr:;r )liJnd. olcntlmp' 

the calculation to ,I f. Jg.niflt:ilnlly lilq~cr 
range of numbcr~ i~ praul(.;d only With 
the mO~1 powerful L:Ortlpullng m'lt:h in . 
cry. When it t:omt~ 10 lht very dnpn! I 

qucstiom. it iT. not c.:ertain .... ny compulcc 
can be of help. &or! Iht mo;)1 ptJrl the 
cOmptHCr is a tool lof "experimental" 
malhcmatin. il gtnchllCf> ~xamplt ;' .md 
counterexample .... Qir,covl?:ring <J. prin ' 
ciple in the peregri~(l.lionr. of No ~err\T' 
10 call for Iheorem proving r.,ther than 
number c runching 

W hen· the tramfp' i mi1tion rl).lr.: ir> ap· 
plied repeatcply to an arbilrary, . 

number, whal outcpme can ~ expcc.1,.: 
ed? Here arc three raive hypoth'ZM!1i: i: 

The first argument rtJn.~ thw;: Ther.f! · 
are equal numberstr odd and ev~n intc ,,~ 
gers, and so in any I ng aerie, of t.alcljla.; 
tions odd and eve valu~, of N ,hoWd ' 
come up eq ually 0 ten. iWhen N is odd,t, 
it is increased by a actdr of 3 (and a Iii": 
tle more), but wh.m N is even, it i. d.~' 
CT""",d by only a !'actor. 012. Hen~ tHe 
value of N after +y il.ration; shoull:t 
incr""", without ~i~ On the i avera~ 
the value should i cr~ by.(3N + 1)~ 
per iteration. For arge valu .. of Nthl\ 

' is essentially 3/2 . I i ' It 
The second by theSis :reli .. on !lit 1 

notion )hat ~hat g~iup mUst eo.mt ~ 
down. 'n>iB IiDtof~ ~lziniwi~ 
the. observation thal:Wbe~veifilie CD ' 



power 
is by 2, Ihe 
an even number. 
ing branc/, of Ihe cali,"Ii"i~," 
bly selected.) There ,"~'nllcly many 
exact powers of 2 infinite 
co.unting numbers. 
Ih~t is contirwed long 
to aligtn on one of them . 
ucs of N mishl well be roa,ch"d in .he 
course 9f a calculation, b.ut eventuall y 
there must be a crash. 

The third argument is similar in form 
to the seconq" but leads to a different 
conclusion. r<fote tha t whenever the 
'calculation changes direction, such as 
when an odd number is encountered a f· 
ter a series of even ones, it reenters terr i· 
tory it has been in before. Indeeo, in 
wandering up and down the numbe r line 
it can roturn to a finite domain of num · 
bers arbitrarily o rten. EvenlUally it carl 
be expected to stumblt; onlO a va lue it 
has visited before. and once that ha p· 
pens the entire future of the ca lc ul a · 
lion is fixed . Beca use the proced ure for 
: oosing a next step is full y determinis· 

, any duplicated value of N must 

(
lead into a loop that will thereafter be 
repealed endlessly. 

The three hypotheses presented here 
should not be taken too seriously. They 
cannot all be righ t. Some.. of their prem o 
ises arc definitely open to question. In 
particular, all three theor ies rely on a 
probabilistic analysis. but the se ries of 
numbers generated by applying the rule 
is not a random one. What docs mathe · 
matical experiment have to say about 

. the mattcr? 

T he place to begin the calculation is at 
. the beginning. with I. It is an odd 

, number. and so the in$lructions call for 
multiplying il by 3 and adding I. The 
result, 4. is even and is therefore divided 
by, 2. yielding another even number; di· 
viding by 2 again brings the calculation 
bac~ to I: Hence with the first computa· 
tion two of the speculative theories cited 
above are given support. As 
the crash the caku· 
lation' of 2i it does 
so after just one the Hclical 
theory predicts, becomes 
trapped in ail 
2 and .1 will be 

·Among all the 
: .very special: it is 
. The 

numbers 1 is 
the small· 
)lis equal 

before 
one oUght to 

fate of 2 and 4 
the calculation 

i:,f,pr ' Ni;~ l. the. olbvi:pu~ candidate is 3. 

up, ~d the series cascades 
Ihr,p""h N = g inlo Ihe 4-2-1 loop. 

examining the first four nalur~l 
numb~rs the trend see(JlS clear, and yet 
there is still reason for doubt. In thc·~al· 
culations made so far two 9uantities of 
interest stan.d out: the hignest va lue of 
N rea<;hed during a calculation and the 
path length, which I shall, define as the 
to tal number of iterations needed to 
reach a va lue of I . F:or I it self the maxi­
mum value is I and the path length is 
lcro. For 2 the peak is 2 and the length 
is I. For ) the maximum is 16 and the 
length is 7. The exam ple of 3 suggests 
that the maxim um value reached and 
the lens th of the series can be much larg. 
er than the initial value of N. and so 

value is 
three numbers are • 

and J 24, two successive ·divisions 
brinS the series back down to 31, Hence 
afteel

l 
five ~teps almost no 'progress has 

been made. As the calculation ' contin­
ues. Ihowever. the three-steps-forward, 
lwo-l lepstback mechanism gives rise tf. 
a scr ,es of. ascill,alions of ever larger aOl: 
plilude. !'jew peaks are rea~ned al 142, 
2 14, Bn ~nd 484, There are fUrlhcr sci· 
back~ (al slep 19 Ih~ value has droppe~ 
10 9 1~). but the trend continues to be u~· 
ward", The calculation passes throug\l 
700, :,hrough 1, 186 . .and Ihrough 2,15 f 

9.232 
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number of steps 
;.ubsi,de~ into the 4-2-1 loop, 

forever. Among the 
has the longest path 

1 
2 
3 
6 
7 
9 

18 
25 
27 
54 , 
73.' ! 

97 , 
129 . 
171 
231 
313 
327 
849 
703 

~
.~~~ 

. 2.223 
I .463 

,919 ' 
: 3,711 

PATH :lENGTH 

.. 
o 
1 
7 
8 
1~ 

19 
2Q 
23 

MAXIMUM 
VALUE 

1 
2 

16 
16 
52 
52 
52 
S8 

9,232 
9,232 
9,232 

. 9,232 
9,232 
9,232 
9.232 
9.232 
9.232 
9,232 

250,504 
190,996 
190.996 
250.504 
250,504 
250.5/{4 
481,624 
975.400 
975,400 
497.176 

3N + I prpblem, as 
: called, has a murky hls;torv. 

does not seem tl> be of an'tiq,ult!v. 
Over the pa~t 30 years or 
up :repeatedly irj various 
parlments of mathematics 
er science, if comings and 
ing to. be a capricious as 
and recessi ns of the nurnt"''' 
selyes, Jeffr y C; Bell 
ratprie5, wtlo has looked 
the origins ~f the problem ~nd the 
peets for s Ivin,g it, note~ that it 
have been i vented several times. In the 
19'30's Lot"ar Collatz, .wh'o was ther a 
student at the University bf Hamb~rg, 
investigated a class of pfoblems that 
includes the 3N + I problem, although 
the work was not published until many 
years later. In 1952 the British mathe­
m~tician B. Thwaites inde»endently ~is ­
covered the problem. and a few y~ars 
later it was invented yet a~ain by RIch­
ard VernoniAndree of the University of 
Oklahoma ~t Norman, , 

i 6,171 
to,971 
13.255 
17.647 
?,3.529 
26.623 
~.239 . 

U·
655

' 2.527 
,031, . 

'11 
112 
115 
118 
'21 
'24 
'27 
'30 
143 
144 
0170 
178 
181 
182 
208 
216 
237 
261 
267 
2,5 
278 
281 
307 
310 
323 
339 
350 

, 1,003.416 
" ' ,003,416' 

. {06.358.020 
18.976,192 
41.163.712 

106.358.020 I 
21.933,016 

Lagarias cites some 20 research arti · 
cles on the 3N + I problem and its gen­
eralizations, most of thdm published 
within the past 10 years, put the PTb­
le"l. had circulated by weird of mO,uth 
long before. Collatz' colldague HcJ*,ut 
Hasse introduced it at Syr~cusc Uniyer­
sity in the 1950's, and Stanislaw Ulam 
took it to Los Alamos aod 'elseWh~e . 
Shizuo Kakutani. who first heard of the 
problem in about 1960, re}lorted to a· 
gar.:ias: "F~r a month ev.erybody at ale 

. s;plJinc~ oflongtslfxzths up 10 N = 100,000 
wo'rked oh it, with no result. A s' i·. 
lariphenomenon,happenerl when I 
tiohed .it at th~ 'universiP20f Chic go. 
A joke was made that the problem 
part of a conspiracy to slo down m 

: ematical research in the ' .S." 
( Another sustained attac on the p b­

lam"with an emphasis on omputer- la­
ed II umerical ca~culations was 'mad iin 
the early 1970's ,by a gro in the rili­
fiei I Intelligonce LlIbora ry 8t . rr. 

, Th problem is ~ecorded s It~m 13 iri 
i the Igroup's infQrmal (and unl1ublis dd) I tra~saclion~ Jl~d..!:l&ltM M,.o ...:' . ~k-
. ers~:mem ,, ' , ~ . I 
' Iii tts waDde~in8s the . roblem as . 
be~~ l,\Iiown bY·manyn . es. 'Call' it 
t1!e 3N 4- 1 'problem does nol seem en-

tire Y salisfa" C.lOrY" 'in" tha~18iVesun \Ie 
::I~il:tl:~t1~~~~' ~~~: ; ~ ~at' t 
altern, inives i ih;; one "1 d most n' 
g~ !I1 !iCteiiiifiiit', e .nWn " rs ene ,. " .. ll/." ,." ".' '.,.-' " "". " B ,.... IP.d 

computes the relmuinl~cr 
vided by 2. If 
THEN part of 
and N is set 
ELSE part is CXO;clHC,l1, 
to 3N + t. 

vision (as 
tion), a coml,arlse," 
second U Im,u" 

an addition. v;',~~~,:r~' 
arc ti""e·c:on,\ulT\inS ol>~(atiol16 .. I 
larly in a small 
is much to be 
directly to the 
its own 
multiplication 
be eliminated. 

The 

gives a s~:;~~::l'b:~c~;:~. chine-language 
that the value 
ter designated 
an "accum 
erations 
start of the D,,:x;e,durc 
resentation of dcc\l1nal 

The futt step 
initial value in 
labeled BX. 

avoided! ~bY~~~~lt;~i~~t binary n .h::r,lno • 
ry number to po:sitiOl\l 'i!< 
equivalent to dl,lidinli 
shifting a nw~l}o~r 
divides it by 10. 
th.e rightinQS! 

presetved ~~.~~1i~i called' 
ry flBg de'erm;;""" !>ri.~!t: 

,~ . 



~ .'lilen' _, :: In thi. 1I lined . If n umbe rs a re che cke d in Sllcces-
\'is odd :ind (1lrlh er "':C'll1lr ;i,lllC'ln S s ionb-e-g'j-n n ing with 1. o nl y a da n llm-b~ rs-

J..::...deJ_ F lf:' llhc onglna! \<\.':l 0: V need ['0 be examined .l-\Tiycvenn mn bc r 
~ll fpoIT' rCf;;',\lr H\ T is i!llmedJatc-ly red uced bi h,-iTr, anll-so 

: multipl .. inb b) : l~'l ,.I': 15 ' r~i generates would al read y hav e 
:0 :hLII t\\-j(e : ':\I;'n !ilv,;:-h :111 50 beenltelec tecl EOLsimiJa r reasons the re 

"ill,.:) \\\ 0 mGdHn~ 1Il~lfl)dILln_\ tn - is' n o need to fo llow the pat h of a nllm -
l J of one. it i~ donI,.' <lpprLlidhh "I ... t- be l' all the way to I; once ths.ya luc o f N 

1 '1,. IIndl :'1 ' ''1'") !:-, !O Ina ... 1 1I.nl ;, c .f-a-J-I"S'""oc low the ini t ia l va lu~ the c a ndi ­
. h:r 10 1\.\ b~ t. In the 1.!J:!..!Jl111crl-dare can be d ism issed . Sli ll m o re efTec-
I,j" ontO microprocc~<;or the cll lirt' p ro· Ii , u es o r na lTowing the sea rc h have 

',ttX< _(it\tl~s {1f:-h~ -·: ·\lW·"I,JI, · j· ·S been develope d by William H . H enne -
( .\/I.:n \ i~c\ent.lnJ l~q,-k,,\\hI..l 1 man, a s tude nt in the HAK,\oIB t g rOllp 
-~_cc,;-I-\r ,i-..:lod, ~irC411(nl-\ ;;i! \,'j~h· w ho is now a t Bosto n U ni versity. 

m\,;\.!<.uicrIX tli"C PIQ~lm i"r<l!.!nlcn t 
Nir! ipk bt; \,;\l.l,.ttt~d :-'lln~~ 

liml::~ p~r $I..!\,;oml. r \ k .~ ti,t .: 

Ie.., l'Ol dd he ~,!\ cd tI ('me 
110 program e l aril~ . ) The t·qlli\<lll..'n l 
,lhm cmp !9_\jng UI\ ~n ii"jijJ1li1ll. 
.IlIon in~truclio.n~J·! b ", Ii" { \-Ll.:~ 
~\'-:iOd 2X6 q.de\ for odd \ 
~t1mnll!On n :gistef!:> ar~ ~llolX n­

III!,; ": Jghi h il~ \Vi OL: and Uln 1IK)(­
kPmmndatc n llmlx:r~ no liII"~L'r 

2', or 2:'h. In mO.\ l ll1J<..ToproCl: ... \()r .... 
~;-<lrt: at:llIall~ If) hh \\"Id :.:. 

- -" holJ nllmber=-> lip Ittt. (l".:'i.~(l. 
ih<tl li mi t i:-. .. I ~evcre (onstrainl: a 

'm cmplo\"l0£ ](l -bll d)1l 11m::ll\,; 
nO I <.:alc u la lc hH iblOn.: number\ 

IllHJ ,' ..::. 702 . Ac hiJ.: v ing a highe r GI.! 
n.-ql1i re:, nllll tiph: ' pre( islOll ilri th-

. In \\ hid, it single I1 l1m hl: r i:-. \ pl it 
~.: n 1\\'0 o r more reg istl'n. or l11 (' mo-
.. dHon!) . With .n bih of rr,: c l ~ i fln 
:~.:n lip to (lbOIl I fo ur bill ion Gt n be 

... en ll'd : (l-' b it s c.-": Icnd the lim it to 
I :.1l·/l inc rease in precis ion. how. 
I.:\ il c t!) a pemli ty in s peed . 
. a lgor ithm for calcu la tin g one va l· 

\ is on l} a [ragment of a \Vorl..­
og ra m. In addi iion the re mll~l hi.' 
r,ll:i lit ies fo r gell ing in put \, (Jlllc ~ 

~hc mach ine and fo r di s pla ) ing re· 
A pr<J c ti ca l set o f p rogram :-. fo r 

~r ing the ha ilstone n umber .... o ll gh t 
a good dea l more. For l';\.i-I mplt.: . il 
J be poss ibl e 10 prin t out the l' n t ire 
o f nu m be rs ge ne r<:l lcd by a g ivc n 

n; \ a lue. o r to l i ~ ( the pa lh le ngt h 
I.l\ imum \a/lle a ssociated \\ illl all 
\cgl' l" S in a g ive n range . Another 
IIll (Q uid be set up to se a rc h fo r 
~\ .\ icidi ll g prog ress in : l} longe r 
,'. larger peak \ alll l.: <; . T here alT 
~ !l1cr poss ib tli l ie :.. 
,d i oll~ on lhe :. ,\/ + ! fo rm li la c m ­
, di lfcrc nl coc fl"lcienh and con· 
:!-~' ,t\so \\orlh c ;\.p lon ng. R. Wil · 
10 re I' a nd R Icha rd Sch rocrpel. 
',q \\-en: mc mbas of thl..' H \ K-

\lUI' . in\"es ligaled l ile .l' _. J 

. -J "I'" '.'. '".:! :)',;;: :;; .; '-{ .Ii, ,,!~ ,-,: 
\ - I problem \\ ilh nega tl \C 
\ Ever} number Ihe} l.hCCI..L'd 
'; In one of th ree loop~: Ihe 
'II' hegIns at ,\ = I'" <ind has :1 

I X <;teps. 
:;.ram whosc-or.l~ _aim .. i!' to 
Ir numb(;l"s that do nOI fal l inl o 
I loop can bc grcarl~~-

A lt hough no proo f has yet bee n dis­
.£\.. co \e re d . a hin t of an e xplanation 
may lie in a hc uri s t ic a rg um e ll t m ore re ­
fi ned tha n thc thrce na ive h ypotheses 
g ive n abo ve . There it wa s noted that in 
a n y s tage o f Ihe ca lc ul a t io n N has an 
cqua l proba bility of bc ing mult ipl ied 
by 3 o r di v id ed by 2, leadin g to the s ug­
ges tio n tha t the va luc sholi id (e nd to in­
c rease by a fa c to r o f :' / 2 per ite ratio n. 
Laga r ia s poi nt s Oll t, ho wcve r, tha t o ne · 
fo urth o f all the integers a rc d iv is ib le 
no t on ly by 2 bu t also by -' ; o ne ·e ightl 
o f the m a rc d iv is ible by ~ . o ne -s ix tee nth 
by I (, a nd so o n. T a ki ng in ro account 
d iv is io ns by a ll poss ib le powe rs of 2\ 
yie lds a pre d ic t io n that tV sho uld de ­
crease by a fa c tor o f 3/ -' per itc ratio n. 
The e mp ir ica l ev ide nce s uppo rt s the \ 
p re d ic l ion . 

E ve n if it turns 0 111 tha t all pos it ive 
in lege rs fa it int o the --1 - 2- 1 loop, the 
ha ils to ne nu mbcrs o ffe r a n a b unda nce 
Cl f c ur io sit ies. Pe rha ps Ihc m os t intrig u­
ing pro pc rt ie s of the n um bers are con­
sp ic uo us pa ll c rns in the d is tr ib u tio n o f 
pa th le ng ths a nd pea k va lues . If a num ­
be r a s sm all a s 2 7 c a n kce p the ba ll in 
the a ir fo r III s te ps a nd reach a he igh t 
of 9,232, o ne might we ll e .... peci tha t the 
pa th leng th a nd the pea k valuc would 
g row ra p idl y a s tV increa sed . A c tua ll y 
the path le ng th g ro ws very s lowly; the 
inc rease in the m a xim um va lue is fa s te r , 
b ut it is a lso q uit e e rrat ic. 

Among the firs t lOa in tege rs the long. 
e s t pa th is I I S s teps (a t tV = 97); a mong 
the firs t 100,000 in tege rs the longes t 
path is j us t 35 0 s te ps (a l tV = 77,03 1). 
Thus increasing N b y a fa c tor o f 1,000 
increase s the path Ic ng th by a fact or of 
o n ly J; the re latio n a ppea rs to be a loga· 
ri thmic o ne . Thc reco rd maxim um o f 
9,2 32 se t a t tV = 2 7 is no t e xceeded un­
ti l N = 255, whic h reaches a peak or 
13. 120. New m ax imums arc recorded at 
qu ite irreg ul a r in te rva ls, The ha ils tone 
se q ue nce fo r N = 77 .67 1 re a c hes the e x· 
traord ina ry he igh t o f 1. 570,82 --1 ,736 . 

il is e a sy to see th a t the peak va lue 
reac hc d in a h a ils to ne ca lc ula t ion must 
in va ria bl y be a n eve n n umber. It can 
a lso be proved tha i onl y an o dd val ue of 
N ca n se t a new reco rd for m a ximu m 
he igh t (w ith Ihe poss ibl e e xceptio n o f 
N = 2). In the case o f numbe rs that se t 
ne w records for pa th leng th there is no 

[QJ CARRY FLAG 

STOP ~=:::-;L~J~U~MP IF CARRY ~ 0 

[Q 
000 1t OIl 

COpy BX INTO AX 

0001 10 11 

00011011 

~ 
STOP 

Til l' 'Ul i lslOlI(' 1I1/:or i,IIm 

theore lica l a rg ume nt J kno w or tha t re­
quires [he m [ 0 be e ithe r odd o r eve n . 
Neve r the lc ss, a mong the firs t 100,000 
in te ge rs pa th - le ng th rccords a rc se t a l­
m os t e xcl usive ly by od d va l ues of N. 

A li s t ing of the path le ng th a nd m ax i· 
m um va lue fo r a range o f numbe rs has 
a fru strating m ix ture of reg ula rit y a nd 
disorde r : it is defi nite ly no t ra ndom , b ut 
the p<l lt c rn re s is ts int e r pre tat ion. F o r 
ins ta nce, ccr tai n maximum va lues are 
Illuc h com m oner tha n o the rs a nd far too 
comm o n to be ex pl a ine d b y a ny s ta ti s­
t ica l p roccss . The o uts ta nd ing e xa m p le 
is 9,232 , the num ber firs t rea c he d a t 
N = 27. O f the firs t 1,000 in tege rs m o re 
than 350 have the ir m a x im um a l !) ,232. 

The d istri b utio n of pa th le ng lhs is 
eq ua ll y pec ul iar . Eve r y poss ible lc ng th 
can be prod uce d (by the success ive ex­
a c t powe rs of 2), b u t a ga in som e num ­
bers a ppea r fa r more o f ten tha n o thers. 
r"l o rco ve r , bo th the pa th lengths and the 
m a ximum va lues show a s trong tc nde n­
cy to for m c1ustc rs. In 19 76 Fre d G r ue n­
berger o f C a lifo rnia Sta te Un ive rsit y in 
Northridge p u bl ishe d a lis t of s uch clus­
te rs; the la rges t wa s a s t r ing o f 52 con­
secutivc numbe rs tha t a ll h a ve the same 
pa th le ng th . C a n two conse c ut ive v tt l-
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or un~' J)Q$,ili\'c . 
,y'''~111 or Ihi. 

10 iI Il~hc <I eplh . 
rol1ow~d "nlil 

is rtudltd nmJ 
he d Ivtr .. :d 10 "hl>II'", 
Ihe limil i~ ~c l Ht 
xplortd und ·it) Ill~mhen. 
to he connected to dtc ;!jy~ . 

I r i ll.~ und rivlllcl~ . \Vhh 
Ihdrc ure H4 hnim:hc!!. 

hili only (J nlltnh('r~ IIrc (J.llnlcd . 
A limit of ~() . (J!)O yidd~ l.(Jh~ hhn c; h · 
(.: S , wh ich r1-':' Ihrol\&h ".2.1~ ntlhlhcr:. . 
NOlc Ihil l mOre thiln half of Ihe numhtr:. 
~ccm 10 lie i ~ Ihe inlcf~ li <.:c~ bcl w~cn (he 
br.mchc~ of! Ihe ~ lrCilm A:'I the limit ir. 
int.:rc<t~cd 10fC ntlm.hcr~ ;Ifl: in~ltld~d . 
but even m9f c arc 1T\1~"cd . If Ihe ptffil fi · 
L'ation\ of l~C ,\y\ lc rn <':ollid he c~rl()n:d 
10 infinite dllpth, wQul d il ll PO:.ili,,!c inlt::: ­
gen, ultim<.iU:I}' lind iJ plH~ in if;J 'llHJI 

i ~ the bie qycslion ye t Ip"ht tlnr.'"'(crcd . 

I n OctohCf fwo l:omhinntoriill; ptoh · 
Jcm , .. wc r~ mentioned a~ be ing unlil:t:. 

Iy ca ndid atb for ~Olul ion by ·~nonal· 
gor ilhm ic" ~clhods w ith iln €:lcpr()t}ic; 
sp~cadshccq 1\ num.ber 01 readc'f' Vlcre 

qUlcl-. (Q Sh~W that It Ot n he do~ . 
Spr~adsh ct ~o l ulion:'l to the TQwf;!r of 

H a no I prob e m were .'lotnt hy f)a ~id Be· 
h ar. John Jane!., Jr., Georg€: ,J.\rthur 
Miller, J. . Siaden, I\lun WYD-jone, 
and olhcrs'l The Ic<h~iquc, cll1~loycd 
were s imilcy. An algorithm i.n':whi.(:h 
odd.m.: mbctc~ disk ,. circ ulate .;cIOCk. 
wise and en-numbered one1l counter­
clockwise as disa.$....f.cmbled w-lth at a 
temporal s qucncc of instructions be. 
came a spa ial array oC them. f 

Behar, lIer and Si aden al.od.olved 
the eight-qu ris problem. Here tile main 
difficulty is he need to backtr.c~ when 
a developi liOlution 'ails, I. tJ.d 5Up' 
posed som record : or'previo'u8 ~ unsuc; 
.cessful alte pis wopld 'have to I$.e kepI; 
but that is ot ith.~, ,O- ~ ~fcmlin; 
In a cemm tatY on the tpreadsI:Ject aj>, 
proach to e probl~~, lpoin~loul "a 
!"ethod t?a V(j11 ge?er4te all. thtilmoves 
In tum WI ut anyimehlory oiiih·than 
what ~8 d- JaYed .. i_ The fOrntJJasare . 
ce,,:,plii:a~.v.d inrolr~ ,~ue~il!J aJ.'; ,· 
gOrltipns . if t1jiy are done, m 1hiir;""F ' _ . 
ural fo . · !Wt alI tfIeJe -,'100)( ':106 

t subro}.· :', .;;,.\.; be lte~riled ~oiI the-
~ . CI"' .. IDoQ;.t ..... _ m~ __ 1 _ ... ,_ ••• _ ... t _ _ ~ · ... " -


